We introduce a novel operator renormalization group method. This is a new and more powerful variant of the t-expansion combining that method with the real space renormalization group approach. The aim is to extract infinite volume . physics at t + oo from calculations of only a few powers of t. Good results are obtained for the 1 + 1 dimensional Iking model. The method readily generalizes to higher dimensional spin theories and to a gauge invariant treatment of gauge theories. These theories will require greater computational power. 
Introduction
Despite advances in high speed computing, accurately extracting the physics from a lattice theory of gauge fields and fermions remains a problem. One hope is that Monte Carlo calculations based upon improved algorithms and run on more powerful machines will eventually remedy this situation.
It is, however, important to ask if there are other ways to obtain information which can complement the insight one obtains from numerical simulations.
In this paper we present a method for dealing with Hamiltonian systems which is analytic in nature, and which uses the computer primarily as a device for doing algebra.
The technique we will discuss is, in its conception, a variational calculation; in execution, it combines the Hamiltonian real-space renormalization group with a scheme for systematically improving a variational calculation to any desired level of accuracy. While the Hamiltonian real-space renormalization group (192) has been discussed in the literature, and the improvement technique has been presented under the name t-expansion: the development of a conceptual and . computational framework for combining these ideas is new. In the process of presenting such a framework we broaden our understanding of the original texpansion and clarify the relation between the new Hamiltonian renormalization group and the Euclidean renormalization group of Kadanoff and Wilson . 4 We also develop a new way of extracting physical quantities which makes no use of the Pad4 approximation used in earlier versions of the t-expansion. If one parametrizes the states which one retains these parameters can be thought of as the or,. . . , cy, appearing in the generic variational wavefunction.
~.IMPROVING A VARIATIONAL CALCULATION
Historically there has been no systematic way to improve upon a variational calculation. The trial wavefunction is typically not the lowest eigenstate of any . simply diagonalizable Hamiltonian; thus, one has no general procedure for setting up a perturbation expansion about the trial wavefunction which actually minimizes the expectation value of the Hamiltonian. One possible solution to this problem is the t-expansion. The physical concept behind the t-expansion is the observation3 that the quantity E(t) = (tilH esHtlll)) ($+e-Htlti> converges to the ground state energy as t + oo for almost any wavefunction I$).
To exploit this fact in practice, one calculates a finite number of terms in the Taylor-series expansion of (5) and then limit.
extrapolates this series to obtain t + 00
There are two difficulties inherent in the t-expansion. The first is the algebraic problem of computing high order terms in the expansion, since there are many such terms. The second is the problem of extrapolating the power series so 5 obtained to t + 00. Our approach to the first problem is to use a computer to carry out the analytic calculation of the coefficients of the power series for E(t).
To handle the second question we introduce a new technique for reconstructing the large t behavior of physical quantities based upon known analytic properties of the function being computed. This extrapolation method yields much greater accuracy for fewer terms in the series. In the past we used Pad6 approximants to carry out this extrapolation, however the arbitrariness of that procedure for low powers of t led us to abandon that approach.
~.COMBINED METHOD
In past applications of the t-expansion the state I$) was chosen to be either in Section 6, we discuss the outlook for applying these methods to theories of greater interest to particle and condensed matter physics. In particular we discuss the generalization of this approach to theories in higher dimensions and to those which involve gauge fields and fermions. We will show that by combining the operator t-expansion and real-space renormalization group methods one obtains, for the first time, a way of carrying out truly gauge invariant Hamiltonian renormalization group studies of this class of theories.
Operator t-Expansion
The quantity, E(t), which appears in equation (1) Let us now consider a partial reduction of the problem; wherein we study the truncation of e -tH to a subspace of the original Hilbert space. This is the problem which arises naturally when we attempt to apply the ideas of the texpansion to a wavefunction which is constructed by performing a sequence of renormalization group transformations.
In what follows the truncation of an operator to a subspace of the original Hilbert space will be indicated by enclosing them in double brackets, i.e., o [ I] . F or example we define an operator A(t), which acts upon the subspace spanned by the retained states by e--A(t) = Ue-Htn.
The new Hamiltonian acting on this subspace is defined to be
The formula for the t-expansion of the energy function E(t) is equivalent to a linked cluster expansion3-thus it corresponds to a summation over connected diagrams. This follows from the fact that the logarithm in Eq. (3) is an extensive function of the volume. (The definition of connected depends upon the wavefunction $J, but in any wavefunction generated by a block-spin algorithm it will have a well-defined meaning.) Disconnected contributions always cancel in Eq. (4) and likewise in the operators A(t) and N(t) defined above. Thus, the logarithm of Eq. (6) will define A(t) as a sum of connected diagrams. This point is explained in the Appendix within the context of the block-spin method described in the next section. (2) an operator in the basis of states (1). Table 1 which converges to a fixed result as the recursion proceeds until either c", or c:
has become zero and the other has reached a finite value. At this point U,, can be trivially diagonalized and one can read off the energy density and the mass gap. Further recursions do not alter these results.
We introduce a new mapping Jl,, ---) Un+r by considering exp( -Ht) as the basic quantity to be iterated. We define A0 = Ht and the recursion procedure
where A, is an effective action, from which one may obtain an effective Hamiltonian by Equation (6) The coefficients afl, aZ,, and aiZ contain terms that are both linear and quadratic in t whereas aEzz is purely quadratic. Any higher t-powers are disregarded in the T = 2 approximation.
For T = 3 one has to allow for two additional operators of the form zzzs and yy, leading to a more complicated set of recursion relations. The number of operators increases considerably as T is increased, thus this formulation of the renormalization-group procedure generates terms in a much bigger space of operators than the conventional block-spin method.
We have developed a computer program which carries out the truncation calculation analytically. This generates the recursion relations which depend on the various parameters of the starting Xo = H as well as the values of On, the wavefunction parameters which .
have to be chosen for each successive truncation. The choice of these parameters is guided by the ansatz for 2 described in the next section.
Parametrizing 2 as a Sum of Exponential Factors
When the t-expansion is calculated to finite order tT and the renormalization group procedure is carried out to n iterations, the connected diagrams have a range limited by V eff = zn(T + 1).
(
Thus, to this order, our calculation also gives the correct ZL(t) for the theory 
and furthermore that the bounds decrease monotonically as P increases. Thus the smallest of the ui in (3) produces a strict bound on the energy density of the finite volume theory.
This method can be applied to the t-expansion about a mean field state (or strong coupling eigenstate for a gauge theory) and gives considerable improvement over the Pad4 approximants for the same series.
The infinite volume theory can be approximated by the finite volume one in the following way GIL(t) = zL(ty + 0(tL).
Thus we can use the approximation (6) where N = V/L diverges with the volume V. This gives us an estimate for the . vacuum energy density c=v1.
L (8)
Equation (7) may be interpreted as a mapping of our problem onto a noninteracting lattice theory with P levels per L-site block. Since there are originally 2L states on L sites it is clear that approximating the spectrum by a set of P independent eigenvalues will work better for smaller L. This result was found empirically by Banks and Zaks?n their application of the resolvent operator method to lattice theories. The minimum L value for which there is guaranteed to be a fit of the form (7) with positive weights and eigenvalues is L = Veff.
We could now proceed in the following way: after the n-th truncation choose a trial function we find that the energy estimate decreases in the first few truncations then goes through a minimum and increases as one continues to iterate the procedure. The reason is that as V,ff increases the lowest exponent dominates in Eqs. (3) and (7) and the method loses its ability to discern the correct structure.
One major advantage-of the t-expansion formulation is that one can avoid all 
Results of Calculations
The calculation described in the preceeding sections produces a very accurate estimate of the ground state energy density using only a few powers of t. In this section we display our results and compare them with other calculations. Figure l(b) shows the error in the energy estimate extracted from the t5 calculations for both L = 6 and L = 9; one clearly sees that some accuracy is lost by going to the larger L value. For comparison we also show here the result obtained from a t' expansion about a mean field state using the dPade3method to reconstruct the t -+ oo value of the energy. We see that the improvement given by the new procedure is substantial, the lower order blockspin calculation is better than the higher order mean-field result, a fact that is also reflected in the value of the critical point. Figure 2 shows the quantity de/aX and again compares the L = 9 calculations with the exact results. In (6) and the mass gap given by (5) and (6) is exactly that of Eq. (4). 
On a volume V = 2n+1 we can estimate the gap to the single kink state by calculating and (10)
Again we use an ansatz of the form of Eq. (7) with L = 9.
The mass of the kink state is again given by (4). The results for the mass gap are shown in Fig. 4 . These are calculated from the (t5, L = 9) ORG calculation.
The set of mass values corresponding to the points denoted by circles in Fig.4 are obtained using the full J/n. The second set of values, indicated by squares, are calculated by dropping the terms in X, that are proportional to the unit operator. These terms should contribute equally to the energy of each of the two states. Since these terms include some higher powers of t the two mass estimates are not identical. The region where the two methods agree is where we expect the mass estimate to be most reliable,and indeed this turns out to be the case for the Ising model. 
Outlook
As the results of the previous section show the combination of t-expansion and block-spin methods is considerably more powerful than either approach used separately. In this section we discuss the application of this technique to more interesting theories. The method can readily be used for higher dimensional spin theories. Furthermore, if one keeps only a number of gauge inuariant states per block, a gauge theory is mapped, in a single block-spin step, into a spin theory.
Thus, the method allows us to use block-spin ideas in a gauge theory while at the same time maintaining full gauge-invariance at every step. Let us discuss these points in some further detail.
In any block spin calculation there are two choices which must be made at the start of the calculation (i) How will the lattice be divided into blocks.
(;z) How many states per block will be retained.
In general it is desirable to choose blocks of p sites so that the new lattice where the Gth block contains the sites 2i and 2i + 1 . From Table 1 This cancels the first term in (A.5) and the result is simply cos; 2e a,(i)a,(i + l)a& + 2) .
Thus we see that starting from the operators uzoz at order t in A, we generate the operator oz~z~z at order t2 in An+l.
We have written a program in the language C which can perform this calculation systematically up to A7 or T = 7, the principal limitation being computer calculations. For comparision we also show the results of a t7 expansion about a mean-field state using Pad6 reconstruction.
2) First derivative of the energy density as a function of X for the L = 9
calculation, showing the tl, t3 and t5 results.
3) (a) Second derivative of the energy density as a function of X for L = 9 calculation showing tl, t3 and t5 results.
-d2E/dX2 compared to the exact result. 
